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ABSTRACT 

Too often researchers rely upon the classical normal 
theory* parametric tests to analyze non-normal data, even, though the 
tests may not be robust* to violations of that assumption. Fligner f s 
class of two-sample tests'. for scale- is an important development 
'because the test is distribution-free and has desirable properties. 
This paper outlines: the development of the k-sample extension of the 
two-sample Fligner class of tests, bas6d upon the generalized Piiri 
model. Assuming rejection of the null hypothesis under test, * ^ 
appropriate post hoq. procedures for the test were developed based on 
the, chi-square analogue to the Scheffe theorem. (Author/BW) 
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The parametric tests for equality, of variance are well known. The 
classical F-test is typically used to test the hypothesis of equality of 
two variances while tests developed by Bartlett (1937) , Cochran(1941) and 
Hartley(19S0) are probably the most commonly used for the k-sample hypothe- 
sis. These tests assume an underlying normal distribution an4 are quite sen- 
sitive to departures from normality (see Box(1953), for example)/ Thus, when 
considering data that are from non-normal distribution's, alternative non- 
parametric tests must be employed, 

Fligner(1979) has proposed a class of two-sample distribution -free tests 

which possesses very desirable 1 properties and is an attractiye alternative 

to other nonparametric tests for^scale. The present paper extends the Fligner 

* . - 

class of tests to the more general k-sample case. For this general case * 
when the null hypothesis is rejected," it is necessary to appTy'post hoc , 
multiple comparison procedures to determine specific population differences. 
Thus, this paper will also consider an appropriate 'post hoc procedure for 
the k-sample class. , • . - ? 

J 



Notation 



Le,t the k independent random samples (X. i » 1, . , n.; j » 1, ... , k) 
originate from k populations with absolutely continuous cumulative distribution 
functions F p \ F k , 'respectively. Let F.. (X) = F(e^(X - Vj)), where 
9 j > °^ 311(1 V j ar ® thescale 311(1 location parameter,, respectively, for 
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F.(X). Further, let the^follpwing quantities be defined: 

l.Q 1 , ... , Q M denote the order statistics of the combined sample 
of the N ( N * Zn^ ) observations; 

^ 2. £j = ^jCQ^i ,*Q N ),-j = li ••• , k > are measurable functions of 
the order statistics from the combined samples; 

3. V.. = h^.f?^... , 5 k ), i = 1, ... , n., j = 1, ... , k, where 
the only requirement on h is that the V^ f s be measurable; 

4. *R ffl , m = 1, ... , N, is the rank o£ in the combined sample o£ 
> N V. . ! s. 

5. Z.^ is an indicator variable such that Z?^ = 1 if the ith smallest 

i .i 

observation is from the jth population, and 0, otherwise. 

The null hypothesis of interest is Ho : 9j = ... = 6^, = ... = v^, 
while the alternative hypothesis is Hi : 8^ < 9^ ' = . . . = v^, for some 
pair,(i,j,)? The hypothesis is stated in terms pf the scale parameter since 
the variances do not always exist. Furthermore, attention is restricted 
to situations such^hat F(0) = h and-F(*) is increasing in some neighbor- 
hood about zero; thi/s, the v^'s are the unique population medians (Fligner, 1979) 

Fligner r s Two Sample Class of Tests • 

Prior to developing the k-sample extension to Fligner's class -of , 
statistics, it is necessary to illustrate the two .sample case. 



1 When testing hypotheses about the scale parameters, the appropriateness of 
many nojiparametric procedures depends upon the assumptions made regarding 
the location parameter. Many of Jfehe usual nonpafametric tests make- the 
assumption of equality of the population medians .(Fligner, 1979) .This requirement 
assures "the consistency of the statistics ^(Fligner § ICilleen, 1976). 

^. There are two general types of .alternative hypotheses for nonparametric 
statistics- — the first type of alternative is asymmetric one (with 
common median). It is this type of alternative for which tj£ usual non- 
parametric tests are most appropriate. However, those usual tests c&n be 

* used phen the alternatives are asymmetric, so -long as F(0) = 4- Nonparametric 
statistics proposed for alternatives having common median are generally 
very inefficient for alternatives with mass ronfinecl to the positive axis 
since F(0) = 0 in" this case and the assumption of common median is violated. 
Thus., a second general type of x scale alternative carries the assumption 
F(0) = F.(0) a 0, i\= 1, ... , k., For these alternatives a shift in scale 

farameter bayses a change in location parameter. Duran(1976) considers tests 
or scale for- both conditions. 3 1 



Fligner f .s(1979) class of distribution-fr$e statistics assumes the 
location parameters are equal, let M s M [y ,,L x X* X 1 

^ * p p 11 te" ' n i 19 12 ' ' n 2 2 

be the pth 'combined , sample quantile* 0 < p < l. 3 Further, 

. • , r = r Np 0 /< p < ^'ahd Np a positive integer (1) 

■ * -» * 

^ =, {Np + 1}' p = ^ ox Np not a positive integer, 



whejre {•} denotes the greatest integer function. 

Define M p i ^ and^M^p = Q N+1 ^. for 0 <_p < ^ VheiTp = h, 

\ = Q (N+l)/2 for * odd and \ = " ( 9n/2 + Q(N/2)-ft 3 ^ for N ev ' en< ™ s com " 

♦ 

pletely defines the pth combined sample ,quantile for OV p < 1. 

When 0 < p < let V.. = 'h(X..,M A*>,Mi J be defined as follows: 

• — , — J-J * * 1 j p "2 i-p .1 



r 4 



1J» _ - P _ ij _ l-p 

X- • - M, X. . > 1 



♦.MaxCCM^p 7^),^ - M p )) 



The statistic 



where (i), i » 1, ... , N, is any vector 6f scores, is distribution-free 
under H 0 ; 6j = 4 8 2 , = v 2 (Fligner, ,1979X. ' • , • a ' 

3 The synnnetry 'required in Fligoer^s xief init^on of M and M„ is- not present 

< ' P l-p r 

in the definition of . the sample quantiles in many texts (e.g., Gibboris, 1971, 
p. 41). , , 



For 0 < p < h and r given afljbove, Fligner defines his class of 
statistics, denoted by II = ( T : 0 < p < h) , by using the following scores: 

N , p — — 



N.p (1) ■ 



2i i even and 1 < i < r (4) 

= 2i-l i odd and 1 < i < x r 

= N-i+r r < i < N+l-r 

= 2(N - i)+2 i even and N+l-r < i < N 

„- = ' 2(N - i) + l i odd and N+l-r < i < N 

when N^is even, and 

dL, (i) = 2i i even and 1 < i < r -(5) 

N,p 

2i-l i odd and 1 < i < r 

*> ~ 

= * N-i+r r <- i £ N+l-r 

= * 2(N - i) + l i even and N+l-r < i < N 

2(N - i)+2 i odd and N+l-r < i _< N - 

when N is odd. 

A series of examples will best illustrate, the Fligner class. First, 
it can easily be shown that the statistic T„\ is the Siegel-Tukey (1960) 
statistic. The following example was reported in Penf ield(1972) . V 

Example I 

An experimenter wishes to determine whether a special training program 

will influence the abstract%easoning scores of nine year old mentally retarded 

females. To test his theories he selects 12 (all that were available) nine 

The Siegel-Tukey test replaces the combined samples 1 data with a reordering 
of the ranks (based on the original data/ not the V. ..)♦ To illustrate the 
ranking procedure, consider the following chart (n is^ assumed to be an eveo nurab 

Ordered Score : ' ^ ^ Q 3 , Q 4 ... Q N/2 . . ^ Q NJ 

Siegel-Tukey Ranks '1 ~^M— S 8... N ... 7 6 3 / 2 

' ■ ' 5 • /" 



year old girls who' have IQ scores recorded between 65 and 75 on the Stanford' 
Binet. He randomly assigns six of the children to the experimental condition 
and six to tfte control. After trailing the experimental group for a month, 
the experimenter then gives both groups ^n abstract reasoning test-. He 
believes that the scores of the group receiving special training will have 
greater dispersion than those of the control group. Is he justified in 
making this conjecture ( a = 0,05)? , 

For ^his .example n J = n 2 -= 6 and N = 12. From equatio^(l) , 
r = {(12)% + 1} = 7. The original data, the V. . , R , and a*. J (R ) are 
presented *in the table below. Applying equation (2), V.. = X. . - M, , for 
all X^, where = (Q 6 + Q y )/2 = 24. Further, equation (4) is used to 
determine the scores a^ ^(R^)' since N is even. 

f - 1 

. . * TABLE 1 . ■ f 

Pertinent Data For Analysis 

Of Example I Based' Upon , * 







Experimental 








Control 




1 


x. . 


vV. 






X. . 


v ij. 


R m 






. 19 


-5 ■ 


- 1' . • 


1 


20 


-4 


2 


4 






. -3 


3 


5 


22 


-2 . 


4 


8" 




21' 


"3 


§ 


7 


23 


-1 


5 


9 


> 


30 


6 . 


1Q 


6 , 


23 


-1 


6 


12 




31, 


7 ' 


ii 


.3 •" 


29 


. 1 


7 


11 




35 


11 


12 , 


2 


26 


2 


8 


10 ' 






\ 

- j ■ — — 


. 2 


= 24 ' 






E 


= 54 

» 



o 



12 m 

Thus, T 10 , = E a,, fc (R.)Z. « 24 ...It should be clear that the a . . (R. ) 

i 1 — 1 « 

given by equation (4) are the Siegel-Tukey ranks derived according to 

12 rn 

footnote 4. Further, since the Siegel-Tukey statistic is T^j = E Rg^.Z^ ' 
where are the Siegel-Tukey ranks, T 12 : % = T gT . It can be also easily 
shown *hat T N ^ = T gT for N odd. ; 

The other extreme member of the Flignex class, T M n , is a linear 

N ' ' 

fll * 

function of the statistic T XT - E R.Z; , where R. are the ranks of 

N i»l - 1 1 
V. . = IX. . - M, if for all X. .. 5 

1] ' !]■ V | 1] 

To determine T ' , r = {U*b + l} = 1, since Np = 0. From equation (2) 

N > u ' . 

V. . = |X. . - M, I for all X. . . Thus, the V" for T vt ^ are 'equal to |V. . | 
for*T N j\ For illustrative purposes suppose N is even (the same develop- , 
ment holds for N odd) . JJhen /rom equation (4) a^^ Q (M = N - i + 1, for all i. 
Thus, 

,N 
I 
i=l 



• fll • i fll & 

r N,0 " .^.O^i = 1 CN '" l)Z « (5) 

> 1=1 



N en 

i=l 



= l%ni (N + 1) - T N 



Examining Table 1 and recomputing the values of R corresponding to |V.. |, 



12 fll ' ' 

I R.Zr J = 9+7+6 + 10 + 11+12 = 55? Thus, T M n = 6(12 + 1) - 55 " = 23- 



■ CD 



It now remains to consider the non-extreme members of the Fligner class. 

V 

When 0 < p < h, the^vfector of scores a^ (i) agrees with tho$e* used in 

computing T^ « for i £.r and i > N - r + 1 from equation (4) or (5). These 

' • *" * * 
. # % 

5 T M was proposed by Fligner and Killeen (1976) and is arf appealing statistic 

if the populations are symmetric. See the, Fligner and Killeen (1976) article 
for a complete description of T^. ^ 

6 It is assumed that the probability of ties is zero. Hpwever, some of the C's 
and h functions create ties in the combined sample of V. . »s. If the method 

, for breaking the ties does not distinguish between the 1J samples, any statist i 

based on the ranks of the V. . will be. distribution-free when F 1 (X) = F 0 (X) . 
(Fligner, ,1979) .Thus, tieds^to the right of the meaxan wer£ 1) J - V J 
ass;tne<T lower ranks tnan those to tmrieft • ties on the same side of the 
median were broken Based on a random approach, y \ 



scores are applied to the outer 2(r-l) observations, that is, those less 

CD 



than Mp or greater than 



n 'P i=i iN >^ 1 1 i=N-r+2 N >* 1 1 
outer scores for the- first sample observations. Then for tlje remaining l 

N - 2(r-l) observations, K. is the rank of V. . = |x. . - M, I for - 

Mp <_ X„ <_ from equation . (4) or (5).. 



N,p 



Thus, Tf, _ = E (N - i + r)Z UJ -= E (N - i + 1)Z. UJ , which is 



N-r+1 

I - i + r)Z. UJ - = 
i=r 1 i=l 

equivalent to the- portion of the statistic T^ Q corresponding to the central 

N -. 2(r-l) observations (from equation (4)). T M = + T„ .^Therefore, 

■ ^ N,p N,p N,p 

T N d is coin P uted bv performing the Siegel-Tukey statistic (T , ) on the outer 

observations and Q on the inner ones. T N can be considered a compromise 

between T M , and T M n . 

• N,%* N,0 . 

To illustrate T N < consider Example I and suppose the interest is in, 
determining the value of T^ ^. Since p = k, r = 12«V = 3 from equation (1). 
Further, = Q = 21 and Mj , = <3 1Q = 30. Applying 'equation (2$, 



V. . 
1J 



X. . - 21 

|X.. - 24 I 
1 ij. 1 



X. . - 24 
1J 



X. . < 21 

21 < X. . < 30 

x: . > 30 
1J 



(6) 



From equation (4), since N is even, 




i even and 1 < i < 3- 
i odd and 1 < i < 3 
3 <_ i < 10 

i even and 10 < i < 12 
i odd 'and 10 < i < 12 



* (7) 



Table 2 outlines the relationship among the original data from Example I, 



the V. R and a 10 ■ (R ) 
ij' m 12, k nr 



) TABLE 2 

Pertinent D^ta For Analysis 

> » 

Of Example I Based Upon T^ ^ 





Experimental 

•* * ^, 






Control 


» m \ 

1 


X. . 

- 1J 


V. . 

1J 


m »,h m 


, x... 

1J 


v., 

ij 


- V 




. 19 


-2 


7 * 

I 1 .20 


•-1 


2 


- 4 


21 

i 

27 


* 3 


9 ' 6 


22 


2 


7 


8 




* 

8 7 ■ 


' 23 


1 


4 


11 V 


* 30 


6 


10 5 


23 


1 


5 


10 . 


31 

L 35 

f 


7 

11 


11 3 x 

12 - 2 * 

Z = 24' 


25 
26 


' 1 

, 2 


' 3 
6 


12 

Z = 54 



Examining the a_ « (R ) , it is evident that for R < 3* and R > 10, 

° 12,% m m m r 

the a 12 ^( R m ) are identical to the Siegel-TuKey values. For 3 R^ £ 10 

the values of a n JR ) = N + 1 -'*R , where R = R - (r - 1) (see the dis- 

m t m mm 

cussiQn of T^ q or the rational^ of this translation) . From Table 2 



12 
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12,% isi™^ 11 
Fligner (1979) noted that for each v&Jue of p, the vector of scores 
(a^, (1), a^. (2), . . . , a^, (N)) is a rearrangement of the integers h, ... , I 

IN,piN,p^ **, p 

Applying a theorem by Fligner, Killeen and Hogg(l,976), T M has the same 
distribution, under Ho, as the two sample WilcoxQn(1945) statistic* regardless 



' ■ '/ ■ • • " ■ 9 . 

of p. 7 Thus, H is rejected at level ot whenever T <_ C (a), where 

0 ' v - N p . n J' n 2 * 

C *(>) is the lo.Wer ath percentile of the two sample Wilcoxon null distribution. 

n l> n 2 

In Example I C & 6 C- 05 ) = 28. Therefore, the null hypothesis of equality 
of the srcale parameters would have be§n rejected phased on all thre.e 

statistics, T , T , and T /. ^ 

N,0 N,V N,Jj • c ? , 

Clearly, had other v-aluesof p been selected, the nuM hypothesis may not 
have been rejected. Thus, one must determine the conditions under 'which each 
member .of the Fligner class of statistics should be used. Since there are 
many alternatives, one should select the particular T. which will provide 
•the most powerful test, given the constraints imposed as a result of the* 
shape of the distribution of the underlying population of scores. Thus, 
F(X) must be known to select, the appropriate test. 

9 

It is infrequent that F(X) is known. For. unknown distributions one may ' J 
use adaptive procedures to discern the natUre of the underlying F(X) from the 
sample data. Adaptive procedures are techniques which use the ^sample data 
to select an appropriate model (i«e,., in' this case the appropriate value of 
p} and then to make an inference based on*the chosen model. % 

Fligner(1979) used the procedures of Randies and Hogg (19^3) and Hogg, 
Fisher and Randies (1975)' to determine an adaptive test that was distribution- 
free when the assumptions of equal medians was satisfied and was relatively 

insensitive to small failures in that assumption. An adaptive test is 

m * x 

t \ 

distribution-free when the preliminary selection of the model is statistically 
independent of the final test*. 



7 • f ■ ' 

Lehmann(l975) provides a detailed description of the two sample Wilcoxon 
statistic, j # 
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10 

Fligner(1979) used a Monte Carlo study to investigate the behavior of 

the test procedures and then used 'those results to obtain the method for 

-/ / * 

* 

selecting a statistic T t He 'based the selection on the tailweight of 

the distribution-. Let Q be defined* as follows: , • 

* 1 
t * * 

Q = .(Q N - Q 1 )/(2I |Q. - ^|/N) forN<20 (8) 

= ' 10 ( U .0S " ^OS^.SO " L .50>" N > 20 

where Ug(Lg) is^ the sum of the largest (smallest) NB order statistics with 
1 fractional items being used when N3 is not an integer. 

p 

Fligner,( 1979Q asserted that if the statistic Q* classifies the distribu- 
tion as heavy tailed, the test is to be based on T XT . . for medium tail 
weights, T N ^, while for lighter tailed distributions, Q . Smaller values 

of Q signify lighter tails. Fligner defined the following, selection procedure 
* * 

Whenever Q <^ 2.6, base the^test on Q ; (9) 

Whenever 2.6 < Q < 3.5, base the test on T XI , 

Whenever Q > 3:5, base the test on T 2 . 

Examining the data from example I to determine, the appropriate test 
statistic, we obtain the -following: " 



Q = (35 - 19)/ (2*46/12) = 16/7.667 '= 2.09 > (10) 
Hence, from equation '(9)., the; appropriate test statistic to use for* those 

c, 

data is J- „ 

All members of the Fii'gnes two sample class -of statistics*, .with the 
exception of the Siegel^Tukey equivalent jT^ ^) cannojt be computed from the 

* * ♦ 

L' 11 



. • • 11 

ranks of the original data alone. Thds, they are not rank statistics. However, 
t,hey are distribution-free under the null hypothesis. (Fligrfer, 1979).. The 
chief difference am^jig the class memters *is the manner in which each T\ uses 
tSie dispersion information present in the sample data. As Fligner(1979) notes, 
each observation's dispersion information can bfe viewed in terms of the obser- 
vation's distance from some central value or from wfiere it falls' in the 
ordering of the samples. t 

Finally, Fligner(1979) also showed that for any Pj and p 2 , 0 < p p < 1, 
when test^ig -the null hypothesis, the exact Bahadur (1967) efficiency of the 
Jest based on relative to the. test based on T is one when the" populations 

• ' * 1 • I P2 

are symmetric. Eligner noted that the Bahadur efficiency result suggests that ' 
for moderate sample sizes, under the assumptions of the null hypothesis, the 
power properties of the various members of the class should be similar. 

■ k-sample Extension To Fligner's Class 

Because of the broad range of use for the v Fligner class," it is desirable to 
extend it to the" more general, and probably more frequently occurring, ric sample 
problem. Puri(1964) has developed a generalized k sample testing procedure for 
considering this problem. Previously, Penfield and Koffler(1979) have derived and 
compared the k sample analogues to the two sample MoodC1954),' Siegel-Tukey(196jft- 
and fclotz(1962) tests based on Puri's methods. • — 

Puri's statistic is defined as follows: 

» * 1 

t 



where 



N 



9 
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*'\ , ll, • A are* normaTiiinsr constant's $iat #o not^depend on i and are equiya- 

'■ lent to E^feHo) and^^CS^" .IHd), tespecu'miy.- ' 

■ & ■< ■ . ■ '1 ••; • 

^ v - . % a variable which ^pnits the sutf^^ition of* a. variety of. statistical 

$o the Mood t<est,and ^-fo^ 1 (i/N+ 10) , 'where *.is the^taad^ravnormal A ^ 

N,i , ' n . ^ \ , _ — - 

• > i— v * *\ " — 

^cumulative distribution function, to Kloti's testSuTii 19^87 show|d. t bat 

* , ■ — -r — rr" ^ V-T % ;Vv° ' ~$ff£ \ 

equati^n^!1^is^s>nnptotically distributiof-free wnen e^ach samplers adjusted 

for its sample median, provided the. populations are syimfu^ic^ Usxn^ytheorems 

from,C^%no£f and Savage (1958), ^Puri (196&)' showed%hat the limitin^istribution 1 

)f (11) is x 2 with k-1 degrees of freedom, central ^der H a and noric^ntral under 4^ 

'Hi, when 1 the values of y N ^ and A are E S N ^Ho) and VarQ^j |H 0 ) r respectively. 



"The values of E(S M c .{H 0 ),and Var(S M . .|H 0 ) tean be derived from the methods 
of Lehuiann(1975): ' If. . ' J } 




ir re i » ^ N - n 

Var(S. 



T..JIH.) - ? "W 

1 . * ^ 

• - 'v 

To generalize the Fligner class 5 " of t\*o sample statistics to the k'.^ample 
case, Ejj ^ is .defined by equatioiv^) or (5) for*N even or qdd,. respectively. 
Given the many members (if Fligner^jclass (i.e., 0 <^< ^,<l#^^N.-even 'Sr odd, 
with different values of r depending on the relationship of*N,'p and V), it 
might appear, that the derivation of equations (130 and (14) would be very 
cumbersome and complex. Thi5 is no^* so, ^ 

As Fligner(1979). has noted, for each value of p (regardless of whether N 
is even or odd), the vector of scores a^, (1), ... , a^ (N) is just a 



<5v 



ERjC \ 13 



i 

13 



rearrangement of the integers (1, ... ,N). Thus, it -should be clear, that' 6nT 
could determine E(S N ^jH 0 ) 'and Var(S N ..|Ho) as follows (Lehmann^ 1975): 




_JL-Err^7N = Ii/N'= N(N-nl) = N+l 

1=1 i=i 

... 2N 2 



'CIS) 



. Var(S NJ |H 0 ) 



N - n 



n^N(N-l) 



N " "j {Si 2 - N(N + t) 2 } 



ikN(N-I) 



i=l 



N - n. 



n.N(N-l) 



j ( N(N-hI) (2N+1) 
6 



N(N+ir } 
4 



= (N - n.)(H * 1) 



12n. 
3 



(16) 



Thus, given equations (11), (15) and (16), the form of the k-sample 
Fligner test can be represented as 



' N 



.= Z 11.(1^ (R.)Z. (j) /n. - ( N * 1 )) 

• j=i itmi^r ■ j 2 



(17) 



(N - n^)(N + l)/12n. 



which simplifies to tl^e following: 



— - £ ("Np^ 2 * 3 " n.(N + D) 2 /(N - n ) 
(K*l) J = 1 ' J 2 ' J 



^2 ^ T§ } - n '(N+l) ) 2 /(N - n ) 



(N+l) j=l 



where 7^1 is the value of T M „ for the jth sample. 
IT" N 'P N 'P 
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(18) 



14 

Equation (18) is appropriate regardless of the value of p. Further, H 0 is 

rejected if L > x 2 (1-a). * ' . ■ 

>k-l. 

It is instructive to illustrate the k-sainple Fligner test with -an example. 
We shall simultaneously examine Q , T N ^ and T N ^. 

. Example II 

In a study by Kerst and Levin(1973) imagery and sentence mediators that, 
linked the stimuli and responses of pictorial paired associates were either pro- 
vided by an experimenter ot generated by fourth and fifth-grade students. Sub- 

L 

jects were randomly assigned to conditions* The four strategy conditions uftder 
study were as follows: 

1. subject-generated (sentence) 1 

2. subject-generated (imagery) 

3. experimenter-provided (sentence) ^ 
- 4. experimenter-provided (imagery) 

Scores represent the number of correct responses to 20 paired-associate 
learning items. The experimenters note that although the four strategy conditions 
did not differ among themselves with, respect to central tendency, an examination* 
of the variances using a parametric test showed them to be significantly different. 

■he data suggest that the variances of the two experimenter-provided conditions 

J ' 
were substantially less than those of the two subject-generated conditions. 



j 

* To analyz-e the data using Fligner's k-sample statistic, a sample of ten scores 
from each condition was selected for illustrative purposes. These data and the 

and a^ pCR^) corresponding to T^ q, T^ ^ and T^ ^ are listed in Table 3. 
Appendix ^A contains the necessary information fdr the derivation of the figures 
Mn Table 3- 15 - 
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Pertinent Data For Analysis of Example II 

Based On the k-Saraole Extension to T , T and T 
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Ties- ainong the data wete broken as follows: ties tp the right of the combined 
sample median were assigned lowet ranks than those tfr tfre left; ties on the 
same side of the median were broken bas'ed on a random approach. 

From equation (18) the following values for L were determined: 
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L = 12 {.'(111 '- 10«41 ) 2 + ( 108 - 205 ) + ( 297 - 205 ) + - ( 304 - 205 ) 2 } 

0 41 2_ »" -30 " 30 30 

* 30 -s, 

= 356.20 

2- 2 '2 2 > 

L = 12 ( (121-205) + (100 - 205) + (294 - 205) + (305 - 205) } ■ 

41«30-; f 

.= 351.24 ' • 1 * ■ 

L = 12 { (115 - 205) 2 + (103 - 205) 2 + (292 - 205) 2 + (310 - 205) 2 } 



V 30 
= 361.93 



The null -hypothesis was one of no difference 'in scale among the four 
types of lea^j^Rg strategies. For a = .05, is rejected if L > x 2 (l-ot)= x\ C 95 ) = 7 .81 , 



k-1 

. , . . - the mil 1 

N,0' N,% H,h 

is rejected v t 



Thus, regardless of whether one uses T vt n , T M . or T , the null hypothesis 



Similar to the two sample case, .the question now arises as to which mem- 
ber- of tjhe Fligner class is most appropriate for different situations. Puri(1964) 
noted that in general the efficiency of the L statistic based upon k-samples 
agrees with the efficiency of the two sample test statistic. Using that infor- 
mation, "one co'tild- argue that the adaptive procedure derived by Fligner (1979) 
for the two sample problem could be applied to the losam^le case. 8 

8 At this point it is conjecture that the two sample adaptive test could be 
extended to the k-s^mple case. A Monte Carlo study, similar to the one con- 
ducted by Fligner (1979) , would provide valuable information in this regard. 

1 — 
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Using aeration (8), 



U =Q + Q = 20 + 20 = 40 (since ,05*N = 2): 
.05 40 39 

L 05 = Qj + Q 2 - 1 + 3 = 4; 



40 

IK = . E Q. = 331; 
.50 i=? i y i 



20 

L = E Q. = 167; ' 
.50 r=1 x i . 

Q. = 10(40 - 4)/(331 r 167)*= 2.195. 
From equation (9) since Q = 2.195 < 2.6, the appropriate test is based on 
T 

N ! ,0 f 

- 

' Post Hoc Procedures • t 

When considering k > 2 samples, it is not sufficient to simply reject 
the null hypothesis of equality of the k Scale parameters. Should this hy- 
pothesis be rejected, it is necessary to determine the specific reasons for 
the rejection (i.e., to determine which of the O^.'s are significantly dif- 
ferent) . 

The use of a posteriori or post hoc procedures can be used fot* such 
determination. Significant differences among the scale values of the res- 
pective populations are determined by using post hoc procedures for testing 
meaningful contrasts of the 9^ ! s. 

jA^pontrast of the parameters 9^ ... , 9^ is a linear combination of the 
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1 V 



i 



k 

O.'s and is defined as ! = Z c.9. where the c.'s are known constant coef- 

J j-1 2 2 k J 

ficients, subject to the restriction that Z c. = 0. The sample estimate of the 

k 3 = 1 2 / 
population contrast is f = Ec.8., where 8 is the^sample estimate of the scale 

parameter 9. Furthermore, the variance of ¥ *f or independent, random samples is 



given by the ^pl lowing: 

r ft ^ / 

/ 



• ol = VarCT) = Var( I c.8.) i 
V j=l 3 3 



= Z c 2 Var(6.) 4 Z Z c.c. ,Cov(9. ,9. ,) ' (19) 
3=1 3 3 ' j=lj'=l 33 3 3 . 

When 9. is defined according to equation (12), 0v is derived as follows: 

J y 

S* = Z c 2 (N.- n ) Z (E - E N .) 2 + Z Z -c.c., Z (E . - ^ 
¥ j = l 3 Li=i w » l N » x j = i j > = i J J i = i ".» » 

n.N(N-l) , N(N-l) 

' 3 • * (20) 

k k - k 2 k k 

Since Z c. = 0, it follows that (Zc.) = Zc. +. Z Z c.c.,=0. 
- j = l 3 j=l 3 3 = 1 3 . j = l j»=l 3 3 

W 

k 2 k k 

Hence, Z c. = - Z Z c.c-,. Substituting this information into equation (20) 
j=l J j=l j'=l 3 3 -- 



and 'simplifying, we obtain the following; 



k N 

Z c. Z (E M . 
7 3 = lJL i= l ' 1 
1 J n. 
J 



(21) 
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Scheffe(1953) has proposed a method based upon the F distribution for 
testing contrasts. Scheffe's theorem states that in the limit the probability 
is 1-ct that the values- of all contrasts Of) will simultaneously satisfy the 
inequality * 

. Y - Scu < <F < V + Sa. , where S = (k-l)(F, . M , (1-a)) (22) 

y \y K-I,N-K , 

t 

Gold (1963),' Goodman (1964) and Marascuilo (1966) have extended Scheffe's 
simultaneous confidence interval method to encompass the x 2 distribution in- 
stead of the F distribution. 9 The analogue* states that in the limit the 

. . . k. 
probability is 1-a that all linear contrasts of the form 4\= Z c 9 " 

j-1 j j 

simultaneously -satisfy the inequality given by equation (22,) where S = (x 2 (l-a)P 

k-1 

If the overall null hypothesis is rejected, therle is at least one 
contrast (Y) that is significantly different from zero. Equation (22) can be 
used to determine the significant contrasts.- If the confidence interval does not ' 
contain the value zero, .one would reject the 'null hypothesis H 0 : Y = 0 in 
favor of Hi: f / 0.. 

For the Puri generalized k sample statistic, the form of the confidence 
interval is given by the following: 
I 

k ^ k 

1 ^ V ~ Cx 2 "* - (l-a)Var( E c.S. < «F 

j«l k-1 j=i 1%3 - v 

k ' k . • 

± j^i c j s N,j ^K-iWw&fyjr w 



1 \ 

Marascuilo and McSweeney( 1967) present a proof of fhe x 2 analogue to 
Scheffe's theorem. 
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)For the Fligner procedure, equation (23) becomes the following: 

R 

S ct) " <<- '? < 

12 



E c.T x V J - (x 2 (l-a){.N-(N+l)} S c.) 2 *c 7 < I c.T 



(j) 
P 



3 



3 

* 2 L 

+ (X 2 (l-ct) {N*(N+l)} E c.) 2 
VI 12 i sl J 

1 



3 



(24) 



In Example II the null hypothesis of equality of the four scale para- 
meters was rejected; thus, it is appropriate to consider post hoc procedures 
to determine which conditions were yielding significantly different results. 
All six pairwise contrasts and a complex contrast were considered. The complex 
contrast examined whether there was a significant difference hetween conditions 
1 and 2 (subject-generated) and 3 and 4 (experimenter-generated) . Table 4 
presents the relevant information, to evaluate the significance of the contrasts. 
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Table 3 

Post" Hoc Procedures for Example II 
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From Table 4 it can be seen thatf the subject -generated conditions 

(Conditions 1 and 2, V^) were not si|nif icantly different from each other, 

nor were the experimenter-provided ones (Conditions 3 and 4, How- 

6 

ever, the signif icanceof ^'"W and ^5 indic *tes that each of the sub- 
ject-generated conditions was significantly different from each of the 

f 

experimenter-provided ones (p ; < .05). Furthermore, the average response 

to the subject-generated conditions was also significantly different from " 

<» 

the average response to the experimenter-provided , ones QV 7 ) . Thus, , one a 
could conclude that the spread in scores was not affected by which of the 
two subject-generated conditidns nor which experimenter-provided con- 
ditions was used. However, the spread of scores was significantly dif- 
ferent depending"upon whether "a subject or escperimenter condition was 
used - . 

Summary \ ^ 

V/ . 

Behavioral science data are frequently non-normal. Howevsr, too often 

*. 

researchers rely upon the classical normal theory parametric tests to 

analyze such data even though the tests may not be k robust to violations 

of that assumption. Fligner^s class of t^Tsantple tests for scale' is an 
# 

important development because the test is distribution-free and has 
desirable properties. ' to 

Since researchers typically consider more than two- samples, it is 
equally important to develop similar procedures for the more general 

Q 

I 

k-sample case. This paper outlined the development of the k-sample exten- 
sion to the two-sample Flignef class of tests, based upon the generalized 
Puri mQdel. Assuming rejection of the null hypothesis under test, appropriat 
post hoc procedures for'the t£5t were developed based on the chi-square 

# a 

analogue to the Scheff£ theorem. 
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V. . 



X. . - 13 1<X. .<20 



X. . - 8 X. ,<8 • 

|X. . - 13 1 8 <X. . < 17 
1 ij 1 - ij- 



12- 17>X.. 



X. - - 13 1<X. ,<20 
U - ij- 



\i 41 - i l<i<40 



2i . i.§ven'l<i<10 2i i even.Ki<21 
2i-l i odd l<i<10 21-1 i odd l<i<21 
$0-i 'l0<i<31 2(40-i)+2 i even 20<i<40 

2(40-i)+2 i even 31<i<40 2(40-i)+l i odd 2&<i<40 
2(40-i)+l i odd 31<i<40 
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